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'^ In this paper we consider the Kleinian groups acting conformany 

Cd on the sphere S"^'^ (1 < "- < 5) which have as hmit sets wild spheres 

H K" which were constructed in 4J and prove that K" is ambient ho- 

'— ^ mogeneous. In other words, given two points p, q € K there exists a 

^^ homeomorphism t/j : §"+^ — > §"+^ such that ip{K) = K and 4'{p) — Q- 
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Abstract 



1 Introduction 



> 

\o 

^~~J In 1920's Antoine [Ij and Alexander |2] exhibited embeddings of S'^ in S' 

■^ which are not flat (wild embeddings). These examples can be modified to 

2^ produce wild embeddings of S" in S""^^, for n > 2. 



2 ;„ s3 



In general, wild knots behave very different from tame knots. For in- 
stance, the wild knot A given by Artin and Fox (see Figure [l]), has a wild 
point p. This knot is not only an example of a wild knot but it is also an 



C^ example of a knot which is not homogeneous. 

We recall that a knot K C S""^^ is ambient homogeneous if given two 
points p, q £ K, there exists a homeomorphism ip : E"'^'^ — >• S""*"^ such that 



"AMS Subject Classification. Primary: 57M30. Secondary: 57M45, 57Q45, 30F40. 

Key Words. Wild knots and Kleinian Groups. 

tThis work was partially supported by CONACyT (Mexico), CB-2009-129939 

*This work was partially supported by CONACyT (Mexico), CB-2009-129280 and 

PAPIIT (Universidad Nacional Autonoma de Mexico) #IN100811. 




Figure 1: An example of a wild knot with one wild point. 

ipiK) = K and V'(p) = <?• 

Since A contains just one wild point p, it is not possible to give a home- 
omorphisni '(/' : S^ — )• S^ such that ip{K) = K and il^ip) = Q-, 1 ^ P-, because 
any homeomorphism sends wild points into wild points. Notice that any 
tame knot is homogeneous. 

In this paper, we will prove that wild knots of dimensions 1 to 5, which 
are obtained as limit sets of some Kleinian groups (dynamically defined wild 
knots) are homogeneous (see Corollary 4.2). 

2 Preliminaries 

We will give some basic definitions of Kleinian groups. 

Let Mo6(S") denote the group of Mobius transformations of the n-sphere 
gn _ j^"u|oo} i.e., the group of diffeomorphisms of the n-sphere that consist 
of composition of inversions in S". The group Mohi^"^) admits an extension 
to the hyperbolic space H""'"^, so that we can identify the group Mdh{^'^) 
with the group of isometrics of hyperbolic {n + l)-space ]H"+^. 

Definition 2.1 A discrete subgroup T C Mdb{S^) is called a Kleinian group. 

The discontinuity set 0,(T) of a group T C Mdb(E>"'), is the largest open 
subset in S" where T acts properly discontinuously. Its complement S"\0(r) 
is the limit set A(r) of the group F. Equivalently, the limit set of a Kleinian 
group can be described as the accumulation set in the sphere S" of an orbit 
Fx; where x is an arbitrary point in 21"+-'^. 

One way to illustrate the action of a Kleinian group F is to draw a picture 
of f](F)/F. For this purpose a fundamental domain is very helpful. 



Definition 2.2 A fundamental domain D for a Kleinian group T is a co- 
dimension zero piecewise- smooth submanifold (sub polyhedron) of n{T) sat- 
isfying the following 

^- Dqer 9i^^{T)D) = ^ where CIqi^y") is the closure in Jl(r). 

2. g{Int{D)) n Int{D) = for all g G F \ {e}, where e is the identity in T 
and Int denotes the interior. 

3. The boundary of D in 0,(T) is a piecewise- smooth (polyhedron) sub- 
manifold in ri(r), divided into a union of smooth submanifolds (convex 
polyhedra) which are called faces. For each face S, there is a corre- 
sponding face F and an element gsF S T \ {e} such that gsF{S) = F 
(gsF is called a face-pairing transformation); gsp = 9^$- 

4- Only finitely many translates of D meet any compact subset ofQ{T). 

THEOREM 2.3 (f^, f^) Let D* =Dnn/r^G denote the orbit space 
with the quotient topology. Then D* is homeomorphic to Q/G. 

3 Criterion of homogeneity 

Next, we will establish a criterion of homogeneity. This criterion is ele- 
mental, however we would like to emphasize that our main difficulty lies on 
proving that dynamically defined wild knots (see next section) satisfy it. 

THEOREM 3.1 (Homogeneity criterion). Let (/?„ : D^ x S'' -^ §"+2 = 
]^n+2 y joo}, n = 1, 2, . . . be differentiable embeddings satisfying the follow- 
ing. 

1. lm{ipn) = T„ 

2. Tn+i C Int(r„) 

3. diam((^„(D^ x {x})) — )■ as n — )• oo independently of x ^ S". 

4- S = nT„ = S" (possibly fractal). 

5. Let z £ 9D^ be a fixed point. The sequence of longitude manifolds 
hn{x) = ipn{z,x) C Tn Converges to a parametrization ofTj, i.e. an 
embedding /i : S" ^ M"+2 ^^^^ ^/^^^ /i(S") = S. 

Then S is ambient homogeneous. 



Proof. Let x, y £ T,. So a; = h{xi) and y = /i(yi), where xi, yi G S". Let 
A G SO{n + 2) such that Axi = yi and define the rotation map 5 : S" — )■ S" 
as g{z) = Az, z G S". Consider the map / : S — )■ S given by / = hogoh^^, 
thus / is a homeomorphism such that f{x) = y. 

By the above, we have a sequence of homeomorphisms a^ : 9T„ — t- 9r„ 
given by a„ = (fn o V ° fn^^ where r/ = Id x 5 : D^ x S" — ^ D^ x S". 
In particular, we have a sequence of longitude manifold homeomorphisms 
/„ = /i„ o r/ o /i^i such that lim„-^oo fn = lim„-^oo hn o rj o h:^'^ = f. 

We define the homeomorphism Vo : (S""^^ - Int(ri)) -^ (8"+^ - Int(ri)) 
in such a way that tpo\dTi = «i- Now, we consider the homeomorphism 
/Ci : {dTi U aTs) ^ {dTi U ^Ta) given by )Ci\aT, = V'o and /C2I9T2 = 02- 
Observe that each /Ci is isotopic to the identity map, then we can apply 
the next lemma to extend it to a homeomorphism -(/'i : (Ti — Int(T2)) — )■ 
(ri-Int(T2)). 

LEMMA 3.2 Let M be a compact {n + 2) -manifold with dM / (no 
necessarily connected). Let g : dM — )■ dM he a homeomorphism which is 
isotopic to the identity map IdM- Then g admits an extension G : M ^ M . 

Proof. Let V '■ dM x [0, 1] — )■ M be a collaring of the boundary, i.e., V is a 
homeomorphism such that iIj{x,Q) = x. Let A^ = ip{dM x [0, 1]) C M. Let 
{gt}-, t G [0, 1], be an isotopy of g to the identity, i.e., go = g, gi = IdM- Let 
H : dM X [0, 1] -^ dM x [0, 1] be given by the formula H{x,t) = {gtix),t). 
LetGo:N-^N = i^oHo-ip-K Then we define G : M -^ M as G{y) = Go{y) 
if y G iV and G{y) = yiiy^N. D 

We continue inductively, so at the m-stage we have a homeomorphism 

Ipm ■ (Tm - Int(r„+i)) -> {Tm - Int(r„+i)), such that 1pm\dTrr,+i = "m+l 
and i^mldTm = V'm-1- 

This construction allows us to define a map ip '■ (S""^^ — S) — )■ (S"^^ — S) 
as ip{x) = '4)m{x) if X G {Tm — Int(rm+i)). Notice that V is a home- 
omorphism, since each tpm is a homeomorphism and ij)ra{x) = 'ipm+iix) 
for X G dTm+i and for all m. Now, using that S = n T„ = S" and 
lim„^oo fn = linin-^00 hn o 7] o h:^^ = f, we extend ip by continuity to a 
homeomorphism ^ : S"+^ — t- S"^'^, such that Vis = /j hence ipix) = y. 
Therefore S is ambient homogeneous. D 



4 Dynamically defined wild knots 

In this section, we will prove that dynamically defined wild knots are ambient 
homogeneous. We will start describing them. 

4.1 Dynamically defined wild knots in higher dimensions 

We will give a brief description of the construction of dynamically defined 
wild knots in higher dimensions (for more details see [3]). 

Let Ki be a smooth fibered knot of dimension n in S""^^. In [4J was 
proved that for n = 1, 2, 3, 4 and 5, there exists a finite collection of (n + 2)- 
dimensional closed round balls, Bi, B2, ■ ■ ■ , Br such that the balls Bi and 
Bj are either disjoint, tangent or their boundaries meet orthogonally, and 
satisfies that Ki C Ul^^Bi and the limit set of the group T generated by re- 
flections on its boundaries is a wild n-sphere embedded in the (n + 2)-sphere. 

Let |Ti| = U'j^iBj. Notice that it has some points of tangency Cj, 
i = 1, . . . , d, then we set round closed balls B^ centered at Cj. The union 
|Ti| = uf^^Bci U iTil is called a generalized necklace, and it is a closed reg- 
ular neighborhood of Ki (corollary 4.6 in [Ij). 

In general, in order to obtain a wild knot in high dimensions as the limit 
set of a geometrically finite Kleinian group we need to construct a finite 
collection of balls satisfying the above properties. 

We will describe the limit set of T. Recall that F is generated by reflec- 
tions Ij on dBj, j = 1,2, ... ,r and to find its limit set, we need to find all 
the accumulation points of its orbits. We will do this by stages. 

Stage I. We will apply induction on the number of reflections. 

1. First step: We reflect with respect to dBi, i.e., we apply h G F. 
The set D^ = (|Ti| — i?i) U /i(|Ti|) is a regular neighborhood of the 
geometric realization of its nerve, which is isotopic to the connected 
sum of Ki with its mirror image —Ki (see [1]). 

2. Second step: We reflect with respect to dB2, i.e., we apply I2 S F. The 
setD'2 = {\fi\-U]^-^Bi)Uli{\fi\)Ul2{D[) is a regular neighborhood of 
the geometric realization of its nerve, which is isotopic to the connected 
sum Ki#{-Ki)#Ki#{-Ki). 



3. r -step: We reflect with respect to dBr, i.e., we apply Ir G T. The 
set D[. = /i(|Ti I) U /2(-Di) U 13(1)2) U ... U /^(-D^^i) is a regular neigh- 
borhood of the geometric realization of its nerve, which is isotopic to 
the connected sum of 2^~^ copies of Ki and 2''"^ copies of —Ki. 

At the end of the r^'^-step , we obtain a regular neighborhood IT2I of a 
new tame n-knot K2, which is isotopic to the connected sum of 2''"^ copies 
of Ki and 2'-^ copies of -Ki. Notice that jfal C Int(|ri|). 

Stage II. 

Repeat A;-times Stage I. At this stage we obtain a regular neighbor- 
hood |Tfe+i| of a new tame n-knot -ftTfc+i which is isotopic to the connected 
sum of 2 copies of Ki and 2 copies of —Ki. By construction, 

\fk+i\ ClntdTfcl). 

The limit set of F is given by 

00 

A(r) = ^|f;| = f||7]|. 
I 1=1 

It has been proved (see [4]) that the limit set A(r) is an n-knot. If we 
start with a nontrivial fibered knot Ki, then its limit set is a wild knot whose 
complement fibers over the circle where the fibre has infinitely generated 
homology groups. The knot is called a dynamically-defined fibered wild knot. 

4.2 Homogeneity 



We will prove the following result using the homogeneity criterion 3.1 



THEOREM 4.1 Dynamically- defined wild knots are ambient homogeneous. 

Proof. Let Ki be a smooth n-knot and |Ti| be a generalized necklace sub- 
ordinated to Ki. Observe that by construction we have a sequence of 
closed tubular neighborhoods {|2\|}^-|^ such that \Tk\ C Int(|2\_i|) and 
A(r) = lim \Ti\ = n£i \'^i\- So, we have that dynamically-defined wild 



knots satisfy the conditions 1 to 4 of theorem 3.1 



Suppose that jTil = U"!l-|^i?j, where Bj is a round (n + 2)-closed ball. 
Let TTi : |Ti| -^ K be the projection. Now, we will subdivide S" into con- 
nected closed sets Ai, for each i = 1, . . . ,mi; following the same pattern 



that |Ti| n Ki, i.e. Ai ^ 9 corresponds to the closed set Vi = Bid Ki and 
Aj n ^/ / if and only if Vjr\Vi / 0. Moreover, let (/>! : D^^ x S" ^ 
|Ti| be a homeoniorphism. We can assume, up to reparametrization, that 

0i(D2^,^i) = TT:['^{Vi) and (pi{Bl^,Ai n Aj) = vrf ^(Fi n Vj). 

We define the longitude map /ii : S" — )■ |Ti| as /ii(x) = (j)i{riz x x), for 
a fixed point z G 5D^ and x G S". 

For the second stage on the reflecting process, we have a generalized 
necklace IT2I = U™f-^i3? subordinate to the knot K2. Let 712 : IT2I — )• K2 
be the projection. Now, we will subdivide each closed set Ai of S" into 
connected closed sets Aij following the same pattern that -BiPl IT2I ni^2) ^-e. 
^ij 7^ corresponds to the closed set Vij = Bir\Bjr\K2 / and AijdAis / 
if and only if Vij n V^^ 7^ 0. Let <p2 ■ ID'r2 x S" — ^ 1^2 1 be a homeomorphism. 
We can assume, up to reparametrization, that 02(10^2' ^u) ~ '^2 (^i) ^^"^ 
</>2(02^,^ij n ^/s) = T^2HViJ n V^.)- Notice that vr^^lFij) C 7ri-i(yi). Now, 
we consider the corresponding longitude map /i2(x) = 02(^2-2 x x) given by 
/i2(x) = (f>i{r2Z X x), X £ S". 

We continue inductively. So at the m-stage of the reflecting process, we 
have a generalized necklace \Tm\ = U"!!];-B™ subordinate to the knot Km- 
Let TTm '■ \Tm\ — > Km be the projection. Now, we subdivide each connected 
closed set ^1, 2, (m-^), into connected closed sets ^1. 2t mi. fol- 

lowing the same pattern that vrr, (Ft 2i. fm-i'ii. ) 1^ \Tm\, in other 

words, the closed set Ai^ ^2^ ,...,mk 7^ ^ corresponds to the closed set 

Vl,^,2,^,...,m,^ = 7r^^^{V,j2j...,(m-l),^_,^)n B^^ H Km ^ (/>. 

Let (pm '-^r X S" — ^ \Tm\ be a homeomorphism. We can assume, up to 
reparametrization, that 0„(D^^, Ai^^,2fe2,...,mfe„) = TTmiyik,,2k2,-,mkJ ^^^ 

0„(D2^,^l,^,2fc2,...,mfc„n^l,^,2i2,...,m,„) = VT^^ (^Ifc^ ,2fe2,...,mfe„n¥L,^ ,2,2,...,mi„ )• 

By construction, 7rmHyik,,2k^,-,mkJ ^ T^k-i(^ik,,2k^,-,{m^i)k(^_,^)- Con- 
sider the longitude map hm{x) = (pmirmZ x x), x G S". 

Let h{x) = liiRm^oo hm{x) , X £ S". Then /i : S" -> S"+^ is a contin- 
uous map. In fact, for each x G S" there exists, by construction, a nested 
sequence of closed sets {Ai^^,2k^^...,mk^} such that x = n^=iAi,^,2k^,...,mk^- 
Notice that this sequence converges to x with respect to the Hausdorff 
metric of closed sets on S". Now hm{x) G T^m^iVi^ ^2^ ,...,01^ ), so h{x) G 



vr„H^ifci,2fe2,...,mfc„) C \Tm\] but {'Kj{Vi^^^2,,^,...,m,,J} is a nested sequence 
of closed sets; hence it converges to h{x) = nJ!5^^]^7r~^(Vi^ ^2^ ,...,m,,^) G A 
with respect to the Hausdorff metric of closed sets on S""''^. 

Observe that for each p G A, there exists a nested sequence of closed 
sets {vr„i(Fi^.^,2,2,...,m,„)}, where vr„i(yi^.^,2,2,...,m,„) C \fm\ and such that 
P — ^m=i'^rn'i^'i-] ,2j ,...,mj^)- This implies that h is onto. Moreover, 
given h{xi) = h{x2) = p e A, since p = n'^^^TT-^{Vi^^^2j^^...,m,^) we 
have that hm{xi),hmix2) G tt^ (^1,^,2^2,.. .,mj^), for all m. Thus xi, X2 G 
^ife,,2fe2,...,mfe„ for ah m. This implies that xi, X2 G n~^iyli,^,2fe2,...,™,^. 
Therefore, xi = X2. As a consequence, /i : S" — )• S*^"^^ is a parametrization 
of A. Applying theorem |3.1[ we have that A is ambient homogeneous. D 



COROLLARY 4.2 The infinite family of dynamically defined wild knots 
K"' ^-)- S"+^, 1 < n < 5, constructed in I4h 0.^^ ambient homogeneous. 
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